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Abstract
A graph G is said to be k-critical if G is k-colorable and G − e is not
k-colorable for every edge e of G. In this paper, we present some new
methods from two or more small 4-critical graphs to construct a larger
4-critical planar graphs.
1 Introduction
Let G = (V,E) be a graph, G is said to be k-colorable if there is a assignment of
k colors to the vertices of G such that no two adjacent vertices of G get the same
color. The chromatic number of G, denoted by χ(G), is the least integer k such
that G is k-colorable. A graph G is said to be k-critical if G is k-colorable and
G− e is not k-colorable for every edge e of G. A planar graph is a graph that can
be embedded in the plane, i.e., it can be drawn on the plane in such a way that its
edges intersect only at their endpoints. About 1950 G. A. Dirac introduced the
concept of criticality as a methodological means in the theory of graph colouring.
He himself, G. Hajbs and T. Gallai were the first to develop special constructions
for creating colour-critical graphs and establishing theorems on their properties.
The basic tool to be used to construct critical graphs is Hajo´s construction [4, 6]:
Let G1 and G2 be two disjoint graphs with edges x1y1 and x2y2, let G be a new
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graphs obtained from G1 and G2 by removing x1y1 and x2y2, identifying x1 and
x2, and joining y1 and y2 by a new edge. It is well known that if G1 and G2 are
k-critical graphs, so is G.
There is a survey on methods of constructing critical graphs, see [9]. As
for 4-critical planar graphs, there are only a few methods which are known to
constructing 4-critical planar graphs (see [1, 2, 3, 5, 7, 8] etc). In this paper, we
present some new methods for constructing 4-critical planar graphs, given two or
more 4-critical planar graphs.
2 Main Results
Some new methods for constructing 4-critical planar graphs
Let G1, G2, G3 be three planar graphs. Suppose that u1u2u3, v1v2v3 and
w1w2w3 are three paths each lie in the boundary of some face of G1, G2 and
G3 respectively. Let G = G1 ◦G2 ◦G3 be a graph (see Figure 1) obtained by
(a) Deleting the edges u2u3, v2v3 and w2w3;
(b) Identifying u1 with w3, u3 with v1 and v1 with w1;
(c) Adding a new vertex z, and adding three new edges zu2, zv2, zw2.
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Figure 1: G = G1 ◦G2 ◦G3
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Figure 2: The graph G = G1 ◦G2 ◦G3 ◦G4 ◦G5
If G1 = G2 = G3 = K4, the new graph G = G1 ◦ G2 ◦ G3 is shown in Figure
3. It is a 4-critical planar graph.
Figure 3: The graph G = K4 ◦K4 ◦K4
If G1 = G2 = G3 = G4 = G5 = K4, the new graph G = G1 ◦G2 ◦G3 ◦G4 ◦G5
is shown in Figure 4. It is a 4-critical planar graph.
Figure 4: The graph G = K4 ◦K4 ◦K4 ◦K4 ◦K4
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Theorem 2.1 If G1, G2 and G3 are 4-critical planar graphs, then G = G1 ◦G2 ◦
G3 is a 4-critical graph.
Proof. (i) It is clear that G is still a planar graph, by the Four Color Theorem,
we have χ(G) ≤ 4. We next show that χ(G) ≥ 4.
If G can be colored with 3 colors, let c be a 3-coloring of G. Since G1 is
4-critical, G1 −w2w3 can be colored with 3 colors. In such a coloring, w3 and w2
must be colored with the same color (otherwise this would be a 3-coloring of G1
as well). This implies that c(u1) = c(w2). Similarly, we have that c(w1) = c(v2)
and c(v1) = c(u2). Note that z is adjacent to each vertex of {u2, v2, w2}, at least
two vertices of them have the same color, without loss of generality, we assume
that c(u2) = c(v2), then c(v1) = c(v2) since c(u2) = c(v1), this is impossible since
v1 and v2 are adjacent in G. Therefore, we have χ(G) = 4.
(ii) We show that χ(G − e) ≤ 3 for every edge in G. Let H1, H2 and H3 be
the subgraph of G induced by V (G1), V (G2) and V (G3) respectively. It is clear
that H1 = G1−u2u3, H2 = G2−v2v3 and H3 = G3−w2w3 respectively. Consider
the following three cases:
Case 1. e ∈ {zu2, zv2, zw2}.
Since G1 is 4-critical, there is a three coloring c1 of G1−u2u3 such that u2 and
u3 get the same color. Without loss of generality, assume that c1(u2) = c1(u3) = 1
and c1(u1) = 2. Also, since G2 is 4-critical, there is a three coloring c2 of G2−v2v3
such that c1(v1) = 1 and c2(v2) = c1(v3) = 3. (if c2(v2) = c2(v3) = 2, we can
swap the colors of 2 and 3 in G2). Similarly, since G3 is 4-critical, there is a three
coloring c3 of G3 − w2w3 such that c3(w1) = 3 and c3(w2) = c3(w3) = 2. As
u1 = w3, v1 = u3 and w1 = v3, we see that c1, c2, c3 form a 3-coloring of G − z,
this coloring can obviously be extended to a 3-coloring of G− e.
Case 2. e ∈ E(G)/{zu2, zv2, zw2, u1u2, v1v2, w1w2}.
Without loss of generality, assume that e ∈ E(G1) − u1u2. Since G1 is 4-
critical, there is a 3-coloring of G1 − e. This coloring induces a 3-coloring c1 of
H1 − e. Without loss of generality, we assume that c1(v1) = 1 and c1(u2) = 2.
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If c1(u1) = 3, then since there is a 3-coloring c3 of H3 such that c3(u1) =
c3(w2) = 3 and c3(w1) = 2. Similarly, there is a 3-coloring c2 of H2 such that
c2(w1) = c2(v2) = 2 and c2(v1) = 1. Therefore, c1, c2, c3 induce a 3-coloring of
G− z. This coloring can be extended to a 3-coloring of G− e, since there are two
colors used in the neighbors of z.
If c1(u1) = 3, by a similar argument as above, we can show that G − e is
3-colorable.
Case 3. e ∈ {u1u2, v1v2, w1w2}.
Without loss of generality, assume that e = u1u2. Since G1 is 4-critical,
there is a 3-coloring of G1 − e such that u1 and u2 have the same color. This
coloring induces a 3-coloring c1 of H1 − e. Assume, without loss of generality,
c1(u1) = c1(u2) = 1 and c1(v1) = 2. Since G3 is 4-critical, there is a 3-coloring
c3 of H3 such that c3(u1) = c3(w2) = 1 and c3(w1) = 3. Similarly, there is
a 3-coloring c2 of H2 such that c2(w1) = c2(v2) = 3 and c2(v1) = 2. Therefore,
c1, c2, c3 induce a 3-coloring of G−z. This coloring can be extended to a 3-coloring
of G− e, since there are two colors used in the neighbors of z. 
Let G1, G2, · · ·G2k+1 be three planar graphs. Suppose that u11u12u13, u21u22u23,
· · · , u2k+11 u2k+12 u2k+13 are (2k + 1) paths each lie in the boundary of some face of
G1, G2 and G2k+1 respectively. Let G = G1 ◦G2 ◦ · · · ◦G2k+1 be a graph (if k = 2,
see Figure 2) obtained by
(a) Deleting the edges u12u
1
3, u
2
2u
2
3,· · · , u2k+12 u2k+13 ;
(b) Identifying u11 with u
2k+1
3 , u
1
3 with u
2
1 and u
2
3 with u
3
1, · · · ,u2k3 with u2k+11 ;
(c) Adding a new vertex z, and adding 2k+1 new edges zu12, zu
2
2, · · · , zu2k+12 .
Theorem 2.2 If G1, G2 and G2k+1 are 4-critical planar graphs, then G = G1 ◦
G2 ◦ · · · ◦G2k+1 is a 4-critical planar graph.
Proof. (i) It is clear that G is still a planar graph, by the Four Color Theorem,
we have χ(G) ≤ 4. We next show that χ(G) ≥ 4.
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Since each Gi is 4-critical, Gi − ui2ui3 (1 ≤ i ≤ 2k + 1) is 3-colorable and
c(ui2) = c(u
i
3) for any 3-coloring of Gi − ui2ui3. If G is 3-colorable, without loss
of generality, let c be a 3-coloring of Gi − ui2ui3. Denote by H the subgraph of
G induced by the vertex set {z, u11, u12, u13, u22, u23, · · · , u2k2 , u2k3 , u2k+12 }. Then H is
3-colorable, but this is impossible since c(ui2) = c(u
i
3) (1 ≤ i ≤ 2k + 1).
(ii) We show that χ(G − e) ≤ 3 for every edge in G. Let H1, H2,· · · , H2k+1
be the subgraph of G induced by V (G1), V (G2),· · · , V (G2k+1) respectively. It is
clear that Hi = Gi − ui2ui3 (1 ≤ i ≤ 2k + 1). Consider the following three cases:
Case 1. e ∈ {zu12, zu22, · · · , zu2k+12 }.
Without loss of generality, assume that e = zu12. Since G1 is 4-critical, there
is a three coloring c1 of G1 − u12u13 such that c1(u12) = c1(u13) = 1 and c1(u11) = 3.
Also, since G2 is 4-critical, there is a three coloring c2 of G2 − u22u23 such that
c2(u
1
3) = 1 and c2(u
2
2) = c2(u
2
3) = 2. In general, if i ≥ 3 is odd, since Gi is
4-critical, there is a three coloring ci of Gi − ui2ui3 such that ci(ui−13 ) = 2 and
ci(u
i
2) = ci(u
i
3) = 3; if i ≥ 3 is even, since Gi is 4-critical, there is a three coloring
ci of Gi− ui2ui3 such that ci(ui−13 ) = 3 and ci(ui2) = ci(ui3) = 2; Finally, we color z
with color 1. We see that c1, c2, · · · , c2k+1 together with the color of z extends a
3-coloring of G− e.
Case 2. e ∈ E(Hi), for (1 ≤ i ≤ 2k + 1).
Without loss of generality, assume that e ∈ E(H1).
Suppose first that e = u11u
1
2. Since G1 is 4-critical, there is a 3-coloring of
G1 − e such that u11 and u12 have the same color. This coloring induces a 3-
coloring c1 of H1 − e. Assume, without loss of generality, c1(u11) = c1(u12) = 1
and c1(u
1
3) = 3. Since G2 is 4-critical, there is a three coloring ci of G2 − u22u23
such that c2(u
1
3) = 3 and c2(u
2
2) = c2(u
2
3) = 2; In general, if i ≥ 3 is odd, since Gi
is 4-critical, there is a three coloring ci of Gi − ui2ui3 such that ci(ui−13 ) = 2 and
ci(u
i
2) = ci(u
i
3) = 1; if i ≥ 3 is even, since Gi is 4-critical, there is a three coloring
ci of Gi− ui2ui3 such that ci(ui−13 ) = 1 and ci(ui2) = ci(ui3) = 2; Finally, we color z
with color 3. We see that c1, c2, · · · , c2k+1 together with the color of z extends a
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3-coloring of G− e.
Suppose now that e ∈ H1 − u11u12.
Since G1 is 4-critical, there is a 3-coloring of G1 − e. This coloring induces
a 3-coloring c1 of H1 − e. Assume without loss of generality, let c1(u11) = 2,
c1(u
1
2) = 1 and c1(u
1
3) = k, where k ∈ {2, 3}.
since G2 is 4-critical, there is a three coloring c2 of G2 − u22u23 such that
c2(u
1
3) = k and c2(u
2
2) = c2(u
2
3) = 1;
If i ≥ 3 is odd, since Gi is 4-critical, there is a three coloring ci of Gi − ui2ui3
such that ci(u
i−1
3 ) = 1 and ci(u
i
2) = ci(u
i
3) = 2; if i ≥ 3 is even, since Gi is
4-critical, there is a three coloring ci of Gi − ui2ui3 such that ci(ui−13 ) = 2 and
ci(u
i
2) = ci(u
i
3) = 1; Finally, we color z with color 3. We see that c1, c2, · · · , c2k+1
together with the color of z extends a 3-coloring of G− e. 
u1
u3 v3
u2 v2
z
G2G1
Figure 5: The graph G = g3(G1, G2)
Let G1, G2 be two planar graphs. Suppose that u1u2u3 and v1v2v3 are two
paths each lie in the boundary of some face of G1, G2 respectively. Let G =
g3(G1, G2) be a graph (see Figure 5) obtained from G1 and G2 by
(a) Deleting the edges u2u3 and v2v3;
(b) Identifying u1 with v1;
(c) Adding a new vertex z, and adding three new edges zu1, zu2, zv2;
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(d) Adding a new edge u3v3.
If G1 = G2 = K4, for example, G = g3(K4, K4), see Figure 6, it is a 4-critical
planar graph.
Figure 6: The graph G = g3(K4, K4)
Theorem 2.3 If G1, G2 and G2k+1 are 4-critical planar graphs, then G = g3(G1, G2)
is a 4-critical planar graph.
Proof. (i) It is clear that G is still a planar graph, by the Four Color Theorem,
we have χ(G) ≤ 4. We next show that χ(G) ≥ 4.
If G is 3-colorable, then since G1 and G2 are 4-critical, G1−u2u3 and G−v2v3
are 3-colorable and c(u2) = c(u3) and c(v2) = c(v3) for any 3-coloring c of G. Note
that u3 and v3 are adjacent, without loss of generality, let c(u1) = 1, c(u2) =
c(u3) = 2 and c(v2) = c(v3) = 3. This is impossible since we can not color z with
color 1,2 or 3.
(ii) We show that χ(G−e) ≤ 3 for every edge inG. LetH1, H2 be the subgraph
of G induced by V (G1), V (G2) respectively. It is clear that H1 = G1−u2u3, H2 =
G2 − v2v3. Consider the following cases:
Case 1. e 6∈ (E(H1) ∪ E(H2)).
If e = u3v3, let c1 and c2 be the two 3-colorings of H1 and H2 respectively.
Since c1(u2) = c1(u3) and c2(v2) = c2(v3), without loss of generality, let c1(u1) =
c2(u1) = 1, c1(u2) = c1(u3) = 2 and c2(v2) = c2(v3) = 2, then we can color z with
color 3. Therefore, c1, c2 together with the color of z extend to a 3-coloring of G.
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If e = zu1, let c1 and c2 be the two 3-colorings of H1 and H2 respectively.
Since c1(u2) = c1(u3) and c2(v2) = c2(v3), without loss of generality, let c1(u1) =
c2(u1) = 1, c1(u2) = c1(u3) = 2 and c2(v2) = c2(v3) = 3, then we can color z with
color 1. Therefore, c1, c2 together with the color of z extend to a 3-coloring of G.
If e = zu2 or e = zv2, without loss of generality, assume that e = zu2. Let c1
and c2 be the two 3-colorings of H1 and H2 respectively. Since c1(u2) = c1(u3)
and c2(v2) = c2(v3), without loss of generality, let c1(u1) = c2(u1) = 1, c1(u2) =
c1(u3) = 2 and c2(v2) = c2(v3) = 3, then we can color z with color 2. Therefore,
c1, c2 together with the color of z extend to a 3-coloring of G.
Case 2. e ∈ (E(H1) ∪ E(H2)).
Without loss of generality, assume that e ∈ E(H1).
If e = u1u2, let c2 be the 3-colorings H2. Since G1 is 4-critical, there is a
3-coloring c1 of G1 − u1u2 such that c1(u1) = c1(u2). Without loss of generality,
let c1(u1) = c1(u2) = c2(u1) = 1, c1(u3) = 2 and c2(v2) = c2(v3) = 3, then we
can color z with color 2. Therefore, c1, c2 together with the color of z extend to
a 3-coloring of G.
If e 6= u1u2, let c2 be the 3-colorings H2. Since G1 is 4-critical, there is a 3-
coloring c1 of G1−e. This implies that c1(u2) 6= c1(u3). Without loss of generality,
let c1(u1) = c2(u1) = 1, c1(u3) = k (k ∈ {1, 3}) and c2(v2) = c2(v3) = 2, then we
can color z with color 3. Therefore, c1, c2 together with the color of z extend to
a 3-coloring of G. 
Let G1, G2 be two planar graphs. Suppose that u1u2u3 and v1v2v3 are two
paths each lie in the boundary of some face of G1, G2 respectively. Let G =
g4(G1, G2) be a graph (see Figure 7) obtained from G1 and G2 by
(a) Deleting the edges u1u2 and v1v2;
(b) Adding four new edges u1v1, u2v3, u3v2 and u3v3
9
u1
u2
u3
v1
v2
v3
G2G1
(a)
u1
u2
u3
v1
v2
v3
G2G1
(b)
Figure 7: The graph G = g4(G1, G2)
If G1 = K4 and G2 = W5, the graph G = g4(K4,W5) is illustrated in Figure 8.
It is a 4-critical planar graph. Note that the graph in Figure 8 (b) is a redrawing
of (a).
(a) (b)
Figure 8: The graph G = g4(K4,W5)
Theorem 2.4 If G1, G2 and G2k+1 are 4-critical planar graphs, then G = g4(G1, G2)
is also a 4-critical planar graph.
Proof. It is clear that G = g4(G1, G2) is planar, see Figure 7(b). Note that
the graphs shown in Figure 7(a) and (b) are isomorphic, but their drawings are
different.
(i) We first show that χ(G) ≥ 4. Suppose on the contrary that G is 3-
colorable, then since G1 and G2 are 4-critical, G1 − u1u2 and G − v1v2 are 3-
colorable and c(u1) = c(u2),c(v1) = c(v2) = 2. Without loss of generality, assume
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c(u1) = c(u2) = 1 and c(u2) = c(u3) = 2. Then u3 and v3 must be colored
with color 3, this is impossible since u3 and v3 are adjacent. Therefore, we have
χ(G) ≥ 4.
(ii) We show that χ(G − e) ≤ 3 for every edge in G. Consider the following
cases:
Case 1. e ∈ {u1v1, u3v3, u2v3, u3v2}.
If e = u1v1, since G1 is 4-critical, there is a 3-coloring c1 of G1 − u1u2 such
that c1(u1) = c1(u2) = 1 and c1(u3) = 2. Moreover, since G2 is 4-critical, there
is a 3-coloring c2 of G2 − v1v2 such that c2(v1) = c2(v2) = 1 and c2(v3) = 3. It is
clear that c1 and c2 extend to a 3-coloring of G.
If e = u3v3, since G1 is 4-critical, there is a 3-coloring c1 of G1 − u1u2 such
that c1(u1) = c1(u2) = 1 and c1(u3) = 2. Moreover, since G2 is 4-critical, there
is a 3-coloring c2 of G2 − v1v2 such that c2(v1) = c2(v2) = 1 and c2(v3) = 2. It is
clear that c1 and c2 extend to a 3-coloring of G.
If e = u2v3 or e = u3v2, assume without loss of generality, that e = u2v3. Since
G1 is 4-critical, there is a 3-coloring c1 of G1−u1u2 such that c1(u1) = c1(u2) = 1
and c1(u3) = 2. Moreover, since G2 is 4-critical, there is a 3-coloring c2 of G2−v1v2
such that c2(v1) = c2(v2) = 3 and c2(v3) = 1. It is clear that c1 and c2 extend to
a 3-coloring of G.
Case 2. e ∈ E(G1 − u1u2) or e ∈ E(G2 − v1v2).
Without loss of generality, assume that e ∈ E(G1 − u1u2).
If e = u2u3, since G1 is 4-critical, there is a 3-coloring c1 of G1 − e such that
c1(u2) = c1(u3) = 1 and c1(u1) = 2. Moreover, since G2 is 4-critical, there is a
3-coloring c2 of G2− v1v2 such that c2(v1) = c2(v2) = 1 and c2(v3) = 2. It is clear
that c1 and c2 extend to a 3-coloring of G.
If e 6= u2u3, since G1 is 4-critical, there is a 3-coloring c1 of G1 − e such that
c1(u1) = 1,c1(u2) = 2 and c1(u3) = k (where k ∈ {1, 3}). Moreover, since G2 is
4-critical, there is a 3-coloring c2 of G2 − v1v2 such that c2(v1) = c2(v2) = 1 and
c2(v3) = 2. It is straightforward to verify that c1 and c2 extend to a 3-coloring of
11
G. 
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